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Introduction
Multiplier ideals satisfy vanishing theorems, making them a fundamental tool in higher-dimensional algebraic geometry. They are defined as follows: let (X, Δ) be a log pair ; that is, let Δ be an effective Q-divisor on a normal variety X over a field of characteristic zero such that K X + Δ is Q-Cartier. Let a ⊆ O X be an ideal sheaf and t > 0 be a real number. Suppose that π : X → X is a log resolution of (X, Δ, a); that is, π is a proper birational morphism with X nonsingular such that aO X = O X (−F ) is invertible and Exc(π) ∪ Supp(π −1 * Δ) ∪ Supp(F ) is a simple normal crossing divisor. Then the multiplier ideal J ((X, Δ); a t ) of a with exponent t for the pair (X, Δ) is J ((X, Δ); a t ) = π * O X ( K X − π * (K X + Δ) − tF ) ⊆ O X .
Demailly, Ein and Lazarsfeld [4] formulated a subadditivity property of multiplier ideals on nonsingular varieties, which states that the multiplier ideal of the product of two ideal sheaves is contained in the product of their individual multiplier ideals. Their formula has many interesting applications in algebraic geometry and commutative algebra, such as Fujita's approximation theorem (see [8] and [13, Theorem 10.3.5] ) and its local analogue (see [6] ), a problem on the growth of symbolic powers of ideals in regular rings (see [5] ), etc. Later, Takagi [18] and Eisenstein [7] generalized their formula to the case of Q-Gorenstein varieties, that is, the case when Δ = 0 in the above definition of multiplier ideals. In this article, we study a further generalization to the case of log pairs, when the importance of multiplier ideals is particularly highlighted. The following is our main result.
Theorem (Theorems 2.3 and 3.5). Let X be a normal variety over an algebraically closed field of characteristic zero and Δ be an effective Q-divisor on X such that r(K X + Δ) is Cartier for some integer r ≥ 1. Let Jac X denote the Jacobian ideal sheaf of X. Then
for any ideal sheaves a, b ⊆ O X and for any real numbers s, t > 0.
Preliminaries on big generalized test ideals
In this section, we briefly review the definition and basic properties of big generalized test ideals, which we will need later. The reader is referred to [9] , [10] , [17] and [1] for details. The reader interested only in an algebro-geometric proof of our result can skip this section and go directly to Section 3.
Throughout this paper, all schemes are Noetherian, excellent and separated. A graded family of ideal sheaves a • = {a m } m≥0 on an integral scheme X means a collection of nonzero ideal sheaves a m ⊆ O X , satisfying a 0 = O X and a k a l ⊆ a k+l for all k, l ≥ 1. For example, given an ideal sheaf a ⊆ O X and a real number t ≥ 0, a • = {a tm } is a graded family of ideal sheaves on X. Another example of graded families of ideal sheaves is I
Let X be an integral scheme of prime characteristic p. For each integer e ≥ 1, we denote by F e : X → X or F e : O X → F e * O X the e-th iteration of the absolute Frobenius morphism on X. We say that X is F -finite if F : X → X is a finite morphism. For example, a field K of characteristic p > 0 is F -finite if and only if [K : K p ] is finite. Given an ideal sheaf I ⊆ O X , for each q = p e , we denote by
We give the definition of big generalized test ideals, using a generalization of tight closure [10] , [17] . First we recall the definition of a generalization of tight closure. 
for all large q = p e . (ii) Denote by E = x H d x (ω X ) the direct sum, taken over all closed points x ∈ X, of the d-th local cohomology modules of the canonical module ω X of X with support on x. For each integer e ≥ 1, let
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of the zero submodule in E is defined to be the submodule of E consisting of all z ∈ E for which there exists a nonzero element c ∈ O X such that
for every q = p e . Big sharp test elements always exist (see [ 
The ideal generated by all big sharp test elements for (X, Δ, a • ). (c) For any integer e 0 ≥ 1, the sum
where φ e ranges over all elements of Hom O X (F e * O X ( (p e − 1)Δ ), O X ) and c is a big sharp test element for (X, Δ, a • ). When Δ = 0, we denote this ideal simply by τ b (X, a • ). When a • = {a tm } for a nonzero ideal a ⊆ O X and a real number t > 0, we denote this ideal by τ b (X, Δ, a t ). Remark 1.3. (1) Given graded families of ideals a 1,• , . . . , a r,• on X, we can define the ideal τ b (X, Δ, a 1,• · · · a r,• ) in the same manner as above.
(2) ([19, Remark 1.4]) τ b (X, Δ, a • ) is equal to the unique maximal element among the set of ideals {τ b (X, Δ, a 1/p e p e )} e≥0 with respect to inclusion. If a • is a descending filtration, then τ b (X, Δ, a • ) is equal to the unique maximal element among the set
, we can define the ideal sheaf τ b (X, Δ, a • ) when X is a nonaffine scheme by gluing over affine charts.
Hara-Yoshida [10] and Takagi [17] proved a correspondence between multiplier ideals and big generalized test ideals. In order to state their results, we briefly recall how to reduce things from characteristic zero to characteristic p > 0. We refer the reader to [11, Chapter 2] and [15, Section 3.2] for details.
Let Δ be an effective Q-divisor on a normal variety X over a field k of characteristic zero. Let a ⊆ O X be an ideal sheaf and t > 0 be a real number. Then a model of (X, Δ, a) over a finitely generated Z-subalgebra A of k is a triple (X A , Δ A , a A ) of a normal integral scheme X A of finite type over A, an effective Q-divisor Δ A on X A and an ideal sheaf a A ⊆ O X A such that X A × Spec A Spec k ∼ = X, ρ * Δ A = Δ and ρ −1 a A = a, where ρ : X → X A is a natural projection. Given a closed point μ ∈ Spec A, we denote by X μ (resp., Δ μ , a μ ) the fiber of X A (resp., Δ A , a A ) over μ. Note that X μ is a scheme of finite type over the residue field κ(μ) of μ, which is a finite field. . Let X be a normal variety over a field k of characteristic zero and Δ be an effective Q-divisor on X such that K X + Δ is Q-Cartier. Let a be a nonzero ideal sheaf on X and t > 0 be a real number. Given any model (X A , Δ A , a A ) over a finitely generated Z-subalgebra A of k, there exists an open subset W ⊆ Spec A (depending on t) such that
A proof using big generalized test ideals
In this section, we will give a subadditivity formula for multiplier ideals associated to log pairs, using big generalized test ideals. We start with the following lemma.
Lemma 2.1. Let X be an F -finite normal integral affine scheme of characteristic p > 0 and Δ be an effective Q-divisor on X. Let a, b ⊆ O X be ideals and s, t > 0 be real numbers.
(1) For each integer e ≥ 1,
} be the graded family of ideals associated to Δ. Then one has
Proof. (1) Let c ∈ O X be a big sharp test element for both (X, a t ) and (X, Δ, a t ). By Proposition-Definition 1.2,
where φ e ranges over all elements of (2) Since the formation of big generalized test ideals commutes with localization and completion (see [9, Propositions 3.1 and 3.2]), we may assume that (X, x) = Spec R, where (R, m) is a d-dimensional complete normal local ring of characteristic p > 0. Let E = H d x (ω X ) be the d-th local cohomology module of ω X with support on x and let F e
) be the map induced by the e-times iterated Frobenius map F e : O X → F e * O X . Then by local duality, the assertion is equivalent to saying that
. Then there exists a nonzero element c ∈ O X such that
) for all large q = p e . Fix any nonzero element δ ∈ O X (− Δ ). By the definition of a s -tight closure and (1), there exists another nonzero element c ∈ O X such that
for all large q = p e . Therefore, one has
As a consequence of the above lemma, we obtain a subadditivity formula for big generalized test ideals. We stress that K X + Δ is not necessarily Q-Cartier in Proposition 2.2. Proposition 2.2. Let X be a normal integral scheme essentially of finite type over an F-finite field and Δ be an effective Q-divisor on X. Let I (•) Δ = {O X (− mΔ )} denote the graded family of ideal sheaves associated to Δ and Jac X denote the Jacobian ideal sheaf of X. Then
Proof. The question is local, so we may assume that X is affine. Since Jac X ⊆ τ b (X, a s ) * a s by [18, Lemma 2.6], the assertion immediately follows from Lemma 2.1 (2) .
Before formulating a subadditivity property of multiplier ideals, we recall the definition of asymptotic multiplier ideal sheaves. Let Δ be an effective Q-divisor on a normal variety X over a field of characteristic zero such that K X +Δ is Q-Cartier. Let a • = {a m } be a graded family of ideal sheaves on X. Then the asymptotic multiplier ideal sheaf J ((X, Δ); a • ) of a • for the pair (X, Δ) is defined to be the unique maximal member among the family of ideal sheaves {J ((X, Δ); a 1/m m )} with respect to inclusion. We refer the reader to [13, Chapter 10] for details. Theorem 2.3. Let X be a normal variety over a field of characteristic zero and Δ be an effective Q-divisor on X such that K X + Δ is Q-Cartier. Let I (•) Δ = {O X (− mΔ )} denote the graded family of ideal sheaves associated to Δ and let Jac X denote the Jacobian ideal sheaf of X. Then
Proof. Take sufficiently large and divisible m such that 
for all closed points μ ∈ W . This implies that Jac X · J ((X, Δ); a s b t O X (− mΔ ) 1/m ) ⊆ J ((X, Δ); a s )J ((X, Δ); b t ).
An algebro-geometric proof
In this section, employing the same method as that used in [7] , we give an algebro-geometric proof of the above subadditivity formula for multiplier ideals. Throughout this section, let X be a d-dimensional normal variety over an algebraically closed field of characteristic zero and Δ be an effective Q-divisor on X such that K X + Δ is Q-Cartier. For a closed subscheme Z of X, we denote by
First we recall the definition of factorizing embedded resolutions. 
Such a resolution always exists (see [3] ).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Lemma 3.2 (cf. [7, Lemma 3.6] ). Let a ⊆ O X be an ideal sheaf and t > 0 be a real number. Let Z ⊆ X be a reduced equidimensional closed subscheme of codimension c, none of whose components is contained in Sing(X) ∪ Supp(Δ) ∪ Supp(V (a)). Let f : X → X be a log resolution of (X, Δ, a) which is simultaneously a factorizing embedded resolution of Z in X so that
Then the restriction map
is surjective.
Proof. It suffices to show that R 1 f * (I Z O X (B)) = 0. Let g : Y → X be the blowup of X along Z with reduced exceptional divisor E, and denote by h = (g•f ) : Y → X the composite morphism. Since
it follows from the Kawamata-Viehweg vanishing theorem that
for all i > 0. We use the Leray spectral sequence to conclude that
for all i > 0. Definition 3.3. Given any positive integer r such that r(K X + Δ) is Cartier, consider the natural map ρ r,Δ : (Ω d X ) ⊗r → O X (rK X ) → O X (r(K X + Δ)). Let I r,Δ ⊆ O X be the ideal sheaf so that Im ρ r,Δ = I r,Δ O X (r(K X + Δ)). Note that if Jac X is the Jacobian ideal sheaf of X, then Jac r X · O X (−rΔ) ⊆ I r,Δ . Lemma 3.4 (cf. [7, Lemma 4.5] ). Let f : X → X be a birational morphism with X smooth and Jac f be the Jacobian ideal sheaf of f . Given an integer r ≥ 1 such that r(K X + Δ) is Cartier, one has Jac r f = I r,Δ O X (−r(K X − f * (K X + Δ))). Proof. First note that by the definition of Jac f , the image of the natural map f * (Ω d X ) ⊗r → O X (rK X ) coincides with Jac r f · O X (rK X ). Consider the decomposition r(K X − f * (K X + Δ)) = K + − K − , where K + , K − are effective divisors on X. Then we have the following commutative diagram:
